Abstract. G" denotes one of the classical groups SO(ri), SU(n) or Sp(n) and H a closed connected subgroup of G". We ask whether the principal bundle G" -*■ G" + 1 -*■ Gn + i/G" admits a reduction of structure group to H. If n is even and G" is SO(n) or SU(n) or if «^11 mod 12 and G" is Sp(n), we prove that there are no such reductions unless n = 6, G6 = SO(6) and H=SU(3) or (7(3). In the remaining cases we consider the problem for H maximal. We divide the maximal subgroups into three main classes: reducible, nonsimple irreducible and simple irreducible. We find a necessary and sufficient condition for reduction to a reducible maximal subgroup and prove that there are no reductions to the nonsimple irreducible maximal subgroups. The remaining case is unanswered.
1. Introduction. In this paper we consider the problem of determining all G-structures on the standard «-sphere, Sn. More precisely, let Gn denote either the special orthogonal group, SO(n), the special unitary group, SU(n), or the symplectic group Sp(n). Given a closed connected subgroup 77 of Gn we ask whether the principal Cn-bundle G"-> Gn + 1 -» Gn + 1/Gn admits a reduction of structure group to 77.
The problem has been solved in a number of significant cases. Adams [1] has obtained a complete solution for Gn = SO(n) and 77 the standard subgroup SO(n -k), \^k<n. The results of Atiyah and Todd [3] and Adams and Walker [2] completely solve the problem for Gn = SU(n) and 77 the standard subgroup SU(n -k), lfik<n.
Finally, Borel and Serre [4] obtained the final solution for G2n = SO(2n) and H= U(n).
For Gn equal to SO(n) or SU(n) and « even and for Gn equal to Sp(n) and «^11 mod 12, we obtain a complete solution to the general problem. Namely, we prove Theorem 1. A. For n even, the fibration SO(n)-> SO(n+l) ->SO(n+l)/SO(n) = Sn cannot be reduced to a proper subgroup 77 of SO(n) unless n is 6 and 77 is SU(3) or U(3).
B. For n even the fibration SU(n) -s-SU(n+1) -> St/fn + l)/SU(n) = S2n + 1 cannot be reduced to a proper subgroup of SU(n).
C. For w^ll mod 12, the fibration Sp(n) -*■ Sp(n+l) -> Sp(n+l)/Sp(n) = Sin + S cannot be reduced to a proper subgroup of Sp(n).
In the remaining cases we restrict ourselves to consideration of the maximal closed connected subgroups of Gn. Following Dynkin [6] , we divide these subgroups into three main classes: the reducible maximal subgroups, the nonsimple irreducible maximal subgroups and the simple irreducible maximal subgroups. We obtain a necessary and sufficient condition for reduction to the reducible maximal subgroups. We prove Theorem 2. A. Let H be a reducible maximal subgroup of SO(n), n odd. Then H leaves invariant a subspace V of Cn such that K= V. Let k be the larger of dim V, codim V. Then SO(n) -* SO(n +1) -*■ Sn can be reduced to H if and only if there is a reduction to the standard subgroup SO(k).
B. Let H be a reducible maximal subgroup of SU(n). Then H leaves invariant a subspace V ofCn. Let k be the larger of dim V, codim V. Then SU(n) -> SU(n+l) _^¡¡2n + i can oe rec¡ucec¡ iQ n if and only if there is a reduction to the standard subgroup SU(k).
For the symplectic case we need the following definition. Let J: C2n -*• C2n be defined by J(xu ..., x2n) = (x2, -xu ..., x2n, -x2n_i), and (x, y)' the skewsymmetric bilinear form of C2n defined by Let k be the larger of dim V, codim K. Then Sp(n) -> Sp(n+l) -> Sin + 3 can be reduced to H if and only ifJ(V) = K and there is a reduction to the standard subgroup Sp(k/2).
The nonsimple irreducible maximal subgroups are dealt with in Theorem 3. If H is a nonsimple irreducible maximal subgroup of Gn, then <jn + i -> G" + i/<j" cannot be reduced to H.
We are unable to solve the problem for the simple irreducible maximal subgroups. However, we prove the following Proposition 4. The fibration SU(n+l)-> S2n + 1 can be reduced to the subgroup SO(n) of SU(n) if and only ifn = 3.
The results of this paper are contained in the author's doctoral dissertation. The author wishes to thank Professor Bruno Harris of Brown University for suggesting the problem and for many helpful conversations during the preparation of this paper.
2. Notation. SU(n) denote the group of unitary « x « matrices of determinate 1, a the automorphism of SU(n) induced by complex conjugation, SO(n) the subgroup of SU(n) of fixed points. If n = 2m, let t be the automorphism of SU(2m) defined by r(A) =J~la(A)J, where J is the 2m x 2m matrix with 2x2 blocks down the main diagonal and zeros elsewhere. Sp(m) denotes the subgroup of SU(2m) of fixed points of t. If G is a Lie group, la CW-complex ahd r¡ a principal fibre bundle with structure group G over the suspension SX of X, then r¡ is classified by a map c: X-+G or a map c: SX^> BG, where BG is a classifying space for G [9] . We will speak of either map as a classifying map for -n.
Finally, if p is a prime integer, « an integer, vp(n) will denote the highest power of p dividing «.
3. Proof of Theorem 1. where /', i2 are inclusions, and c: X-+ G factors through H2. Corollary 3.2. Let -n: £-> S(X) be a principal Gn-bundle which can be reduced to Gn-k but not Gn-k-1. If there is a reduction to a closed subgroup H ofGn-k, then H acts transitively on the sphere Gn-k/Gn-k-1 through Gn-k.
We proceed with the proof of Theorem I.A. The fibration SO(2n) -> SO(2n+1) -> 52n cannot be reduced to SO(2n-1) [1] . By Corollary 3.2, if there is a reduction to a subgroup H, then H must act transitively on S2n~1 = SO(2n)/SO(2n-1) through SO(2n) and must be one of the groups SO(2n), SU(n), U(n), Spin (7) (n = 4), Spin (9) (n = 8), or if n = 2m, Sp(m) or Sp(l)xZ2 Sp(m) [12] , [14] .
Reduction to U(n) is possible if and only if «=1 or 3 and to SU(n) if and only if n = 3 [4] .
Suppose that n is even. Reduction to Sp(n/2) implies reduction to SU(n) and this is impossible.
Suppose that n is even and that reduction to Sp(l)xZ2Sp(n/2) is possible. If n = 2, Sp(l)xZ2 Sp(l) = SO(4) and we need only consider the case «2:4. The projection Sp(l) x Sp(n/2) -> Sp(l) xz¡¡ Sp(n/2) is a double covering and induces an isomorphism nto-iiSpiDxSpOiß)) S ^n-i(*(l)xZ2 Sp(n/2)).
Thus we have a homotopy commutative diagram
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where c is a classifying map, c1 classifies the reduction to Sp(l)xZ2 Sp(n/2) and i is inclusion. By Lemma 7.5, there is a homotopy commutative diagram
where j is inclusion. Thus, we are back to the previous case. We now consider the fibration SO(S) -> SO(9) -*■ S8 and the subgroup Spin (7). The exact sequence of homotopy groups
of the fibration S8 ->■ 77SO(8. -»■ Bsom is as follows [10] :
z24 --> z24 e z8 -> z8 -► z2 ->z2@z2@z2 -► z2 e z2.
Thus,
is the exact sequence
Since n-11(5Spln,7j)=Z8, c cannot factor through 77Spin(7).
Finally, consider the fibration 50(16)^ 50(17)-^S16 and the subgroup Spin (9) . The exact sequence of homotopy groups
is as follows [10] :
is the exact sequence [June Mimura [11] has shown that lgC^SpinO)) = Z2835 © Z16 0 Z8 © Z2.
A simple argument shows that c* cannot factor through Z2835 © Z16 © Z8 © Z2. This completes the proof of Theorem I.A. We now prove Theorem l.B. The fibration SU(2n) -> SU(2n +1) -> Sin + 1 cannot be reduced to SU(2n-1) [3] . By Corollary 3.2, if there is a reduction to a subgroup 77 of SU(2n), 77 must act transitively on Sin-1 = SU(2n)/SU(2n-l) through SU(2n) and must be one of the groups SU(2n), Sp(n) or Spin (9) (« = 4).
There is a fibration 
e see that c* is surjective since ^in + i(BSu{2n + i)) = ^ [5] . Since [10] 7r4n + l(-°S£7(2n)) = Z(2n)i, 4n + i(-SSj,(")) = 0 if «even, = Z2 if « odd, and [11] i-iT^spmo)) = Z2 © ■ • • © Z2 (6 copies), we see that there are no reductions to Sp(n) or Spin (9) (« = 4). Finally, we prove Theorem l.C. We first show that if Sp(n) -> Sp(n+ 1) -*■ 5,4n + 3 can be reduced to Sp(n-1) then «+1=0 mod 12. Since Sp(n+ 1) -> Sin + 3 is a reduction of St/0 + 2)^S""l + 3, reduction of Sp(n+1) -> Sin + 3 to 5/?(n-l) implies reduction of 5(7(2« + 2)-> 5,4n + 3 to SU(2n-2). But this is possible if and only if 2« + 2 is divisible by the Atiyah-Todd number A/4 = 24 [2] . Therefore, if «^ 11 mod 12, and if Sp(n+1) -> S4n + 3 can be reduced to a subgroup 77, 77 must act transitively on Sin~1 = Sp(n)/Sp(n-\) through Sp(n). But the only subgroup of Sp(n) acting transitively on Sin ~x is Sp(n).
4. Proof of Theorem 2. One may easily obtain the following description of the reducible maximal subgroups of SO(n) (n odd), SU(n) and Sp(n). where q = max {k, n -k] and i is inclusion. Thus, SO(n+1) -> Sn can be reduced to SO(k) x SO(n -k) if and only if there is a reduction to SO(q), q = max {k, n -k}. To prove Theorem 2.B, it suffices to prove the theorem for the subgroups S(U(k)x U(n-k)) of SU(n). We show that SU(n+l) -> S2n + 1 can be reduced to [June 
S(U(k)x U(n-k)) if and only if it can be reduced to SU(k)xSU(n-k).
The theorem will then follow, as above, from Corollary 7.2. The inclusion of SU(k) x SU(n -k) into S(U(k) x U(n -k)) induces an isomorphism 7T2n(SU(k)xSU(n-k)) ~ 7r2n(S(U(k)xU(n-k))), since S(U(k)x U(n -k))/SU(k)xSU(n -k) = S1. Thus, a homotopy commutative triangle
can be completed to a homotopy commutative diagram
We now prove Theorem 2.C. Let 77 be a reducible maximal subgroup of Sp(n). We must consider three cases.
(a) 77 is conjugate in Sp(n) to one of the subgroups Sp(k) x Sp(n -k). Sp(n+l) -> Sin + 3 can be reduced to 77 if and only if there is a reduction to Sp(k)xSp(n -k) which is equivalent to reduction to Sp(q), q = max{k,n -k}, by Corollary 7.2. 5. Proof of Theorem 3. We first obtain the following description of the nonsimple irreducible maximal subgroups of SO(n), SU(n) and Sp(n). Proposition 5.1. Every nonsimple irreducible maximal subgroup of SO(n) is conjugate in 0(n) to one of the groups Sp(s) (g> Sp(t) (4st = n, IStSs) or SO(s) (g> SO(t) (st = n, 3^t^s,s,t=£4).
Proposition 5.2. Every nonsimple irreducible maximal subgroup of SU(n) is conjugate in SU(n) to one of the groups SU(s) ® SU(t) (st = n, 2^t^s). Proof of Propositions 4.1, 4.2, 4.3. Let Sl(n) denote the group of all complex, unimodular matrices of order n, SO(n, C) the subgroup of Sl(n) leaving invariant the standard symmetric bilinear form on C" and Sp(n, C) the subgroup of Sl(2n) leaving invariant the standard skew-symmetric bilinear form on C2n. Then SU(n), SO(n) and Sp(n) are compact real forms of Sl(n), SO(n, C) and Sp(n, C), respectively. Let G be a simple complex Lie group and G a compact real form of G. Since G is maximal among the real subgroups of G [6, p. 256] , G is a maximal compact subgroup of G, and every compact subgroup of G is contained in a conjugate of G.
Let (G, G) denote one of the pairs (SO(n, C), SO(n)), (Sl(n), SU(n)) or (Sp(n, C), Sp(n)). Proof. If aHla~1 = H2, aeG, then aH1a~1 = H2. Suppose aH1a~1 = H2, de G. Then aHxa~x is a compact subgroup of 772, and there is a b e H2 such that baH1(ba)~1<^H2. Let c = ba and heHx. Then chc'1 = (ch~1c~1)~1 = (ct)~1hct and ctch = hctc, for all « e 77!. As above, ceG.
We can now prove Theorem 3. For the fibration SO(n+1) -*• Sn we need only consider the case « odd, and the subgroups SO(s) ® SO(t), where st = n, 2<t^s. The natural projection j: SO(s) x SO(t) -> SO(s) ® SO(t) is a covering map and, if « > 2, induces isomorphismŝ rn-1(SO(s)xSO(t)) « tt^îSOOï) ® SO(t)). For the fibration SU(n+1) -> S2"*1 we need only consider the case n odd and the subgroups SU(s) ® SU(t), n = st, 2 £ t £ s. As above, reduction to SU(s) <g> 5(7(0, implies reduction to SU(s). But Adams and Walker [2] have shown that this is possible if and only if n+l is divisible by the Atiyah-Todd number Mn_s + 1. In particular, n +1 must be divisible by 2", where a = v2(Mn_s + 1) = ma\{r + v2(r) | 1 á r á n-j} 2: »-5.
Thus 2n_s must divide n+l. But n+l ^ s2 + l < 22s ^ 2s«-" = 2n~s, since r2:3. For the fibration Sp(n+l)-> Sin + 3 we need only consider the subgroups Sp(s) (g) SO(t), n = st, t>l.
Using Lemma 7.4 , we see that reduction to Sp(s) ® SO(t) implies reduction to Sp(q) where q = max{s, t}. Since Sp(n+l) -^Sin + 3 is a reduction of SU(2n + 2)^ Sin + 3, this implies a reduction of SU(2n + 2)^Sin + a to 5K<7) and, hence, to SU(2q). Thus, 2n + 2 would have to Suppose there is a homotopy commutative triangle f S1* -» 517 (7) 50 (7) where/classifies 5t/(8) ->> 51B. Then there is a commutative triangle
Since 7714(5i7(8)) = 0,/N is surjective [9, p. 90] and i, must also be surjective. But 77-14(5<7 (7))=Z7!, and [12] 77-14(5O (7))=Z2520+Z8+Z2, and /* cannot be surjective.
Thus, we are left with the case n = 3. Let/: 56 -*■ SU(3) he a classifying map for 517(4) -¥■ 57. We show that there is a map g: Se -*■ 50(3) such that the triangle 56 * > 517 (3) XX '
50 (3) is homotopy commutative. Since the homotopy class off generates n6(SU(3)) [9] , it is sufficient to show that z'*: 7r6(50(3)) -* tt6(SU (3)) is surjective. Since K2(B) = Bx ■ ■ ■ xB (s copies), Corollary 7.2 can be applied to obtain the desired factorization.
There is a symplectic matrix C such that C(A ® h^C-1 = It® {A® I2). 
